We find asymptotics for S K,c (x), the number of positive integers below x whose number of prime factors is c mod K. We study this question in the context of Beurling integers.
Introduction
In classical prime number theory the relation M(x) = o(x) for the the summatory function of the Möbius function is well-known to be equivalent to the Prime Number Theorem (PNT). It says that asymptotically the integers 1 with an even number of prime factors match those with an odd number of prime factors. Here we will study this question for arbitrary residue classes.
Let K ≥ 2 be an integer and let c be an integer lying in [0, K). In this article we shall find an asymptotic formula for S K,c (x), the number of Beurling integers below x whose number of prime factors is c mod K. We shall show that in the classical integers case
In the proof we aim to use as little information as possible on the integers and the primes. In fact, we shall only use a Chebyshev upper bound on the primes and density on the integers. We formalize this approach with the use of Beurling prime number systems.
A Beurling generalized prime number system is a sequence
The generalized integers of the system are then formed by taking the multiplicative semigroup generated by the generalized primes and 1. We usually write p j for generalized primes and n j for generalized integers and omit the subscripts if there is no risk of 2010 Mathematics Subject Classification. 11N25, 11N37, 11N80. Key words and phrases. Beurling numbers; generalized primes; Halász theorem; residue class; number of prime factors.
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The zeta function
defined on Re s > 1 (under the hypothesis N(x) = O(x)) is an indispensable tool for the study of these number systems via analytical methods. Central questions in this theory involve how information on the integers has consequences for the primes and vice-versa. We refer to [4] for a detailed account of Beurling generalized numbers. We mention that in this discussion we only concern ourselves with discrete Beurling numbers systems as defined above and not with more general definitions of Beurling number systems. The reason for doing so is that there is no straightforward generalization to the more general framework for the concepts we are working with here.
The main goal of this paper is to prove the following theorem. 
A crucial ingredient of the proof is a recently established version [3] of Halász's theorem for Beurling numbers. This topic was introduced by Zhang in [5] whose results he later improved upon in [6] based on ideas of [2] . The paper [3] refines these ideas further and contains the best results currently available.
Proof of Theorem 1.1
Let q be an integer in [0, K). We define f q (n) depending on the number of prime factors of n, namely,
We shall show that the summatory function Therefore, logF q (s) is the Mellin-Stieltjes transform of the measure h q dΠ, where h q is a function supported on prime powers and satisfying h q (p k ) = e 2πikq/K . It follows thatF q (s) is the Mellin-Stieltjes tranform of exp * (h q dΠ), where exp * is the exponential taken with respect to the multiplicative convolution of measures (see e.g. [1] or [4] ). Hence, dF q = exp * (h q dΠ), as the Mellin-Stieltjes transform is an injective operation. We now wish to apply Theorem 2.3 from [3] . We split h q into g 1 + g 2 as e 2πiq/K + (h q − e 2πiq/K ). The assumptions for g 1 and g 2 from Theorem 2.3 are fulfilled because of the Chebyshev bound and the fact that (h q − e 2πiq/K )dΠ is supported only on (higher order) prime powers. It now remains only to verify that the Mellin-Stieltjes transform of exp * (h q dΠ) = o(1/(σ − 1)) uniformly for t on compacts as σ → 1 + . It suffices to show the Mellin-Stieltjes transform of exp * (e 2πiq/K dΠ) admits this bound, for, as shown in the proof of Theorem 2.3 in [3] , the part coming from g 2 is harmless. We are thus left to show that, uniformly for t on compacts,
which we do in the following lemma. The pointwise result now follows as density implies ζ(σ) ∼ a/(σ − 1) and ζ(σ + iKt) = o t (1/(σ − 1) ). Now, (2.5) is equivalent to
Our previous considerations imply that the left-hand side of (2.9), a net of continuous functions, monotone in the variable σ as σ ↓ 1, tends pointwise to 0. Therefore, Dini's theorem asserts that the convergence of (2.9) must happen uniformly for t on compact sets.
Remark 2.2. We also observe that Theorem 1.1 remains true if we change the definition of S K,c (x) to the number of integers below x for which the number of distinct prime factors is c mod K. The proof is similar to the one given above. In the definition (2.1) of f q , one simply adds the word "distinct" at the appropriate place. The orthogonality relation ( Proceeding in the same fashion as above, one obtains after some computations
Now however, we will split the measure h q dΠ into three pieces. We set g 1 (p k ) = e 2πiq/K ,
and g 3 (p k ) = 1 − (1 − e 2πiq/K ) k if p ≤ 2 and 0 otherwise. Now, as |g 2 (p k )| ≤ 2 k for p > 2 and is bounded for p ≤ 2, the hypothesis 
